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Abstrat
Cartan matries are of fundamental importane in representation theory. For algebras
dened by quivers with monomial relations the omputation of the entries of the Cartan
matrix amounts to ounting nonzero paths in the quivers, leading naturally to a ombina-
torial setting. Our main motivation are derived module ategories and their invariants: the
invariant fators, and hene the determinant, of the Cartan matrix are preserved by derived
equivalenes.
The paper deals with the lass of (skewed-) gentle algebras whih our naturally in
representation theory, espeially in the ontext of derived ategories. We study q-Cartan
matries, where eah nonzero path is weighted by a power of an indeterminate q aording
to its length. Speializing q = 1 gives the lassial Cartan matrix. We determine normal
forms for the q-Cartan matries of skewed-gentle algebras. In partiular, we give expliit
ombinatorial formulae for the invariant fators and thus also for the determinant. As an
appliation of our main results we show how to use our formulae for the diult problem of
distinguishing derived equivalene lasses.
MSC-Classiation: 16G10, 18E30, 05E99, 05C38, 05C50
1 Introdution
This paper deals with ombinatorial aspets in the representation theory of algebras. More pre-
isely, for ertain lasses of algebras whih are dened purely ombinatorially by direted graphs
and homogeneous relations we will haraterize important representation-theoreti invariants in
a ombinatorial way. In partiular, this leads to new expliit invariants for the derived module
ategories of the algebras involved.
The starting point for this artile is that the unimodular equivalene lass of the Cartan matrix
of a nite dimensional algebra is invariant under derived equivalene. Hene, being able to
determine normal forms of Cartan matries yields invariants of the derived ategory.
The lass of algebras we study are the gentle algebras, and the related skewed-gentle algebras.
Gentle algebras are dened purely ombinatorially in terms of a quiver with relations (for details,
see Setion 2); the more general skewed-gentle algebras (introdued in [10℄) are then dened from
gentle algebras by speifying speial verties whih are split for the quiver of the skewed-gentle
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algebra (see Setion 4). These algebras our naturally in the representation theory of nite
dimensional algebras, espeially in the ontext of derived ategories. For instane, the algebras
whih are derived equivalent to hereditary algebras of type A are preisely the gentle algebras
whose underlying undireted graph is a tree [1℄. The algebras whih are derived equivalent to
hereditary algebras of type A˜ are ertain gentle algebras whose underlying graph has exatly one
yle [2℄. Remarkably, the lass of gentle algebras is losed under derived equivalene [16℄; but
note that the lass of skewed-gentle algebras is not losed under derived equivalene.
A fundamental distintion in the representation theory of algebras is given by the representation
type, whih an be either nite, tame or wild. In the modern ontext of derived ategories,
also derived representation types have been dened. Again, gentle algebras our naturally in
this ontext. D. Vossiek [18℄ showed that an algebra A has a disrete derived ategory if and
only if either A is derived equivalent to a hereditary algebra of type A, D, E or A is gentle
with underlying quiver (Q, I) having exatly one (undireted) yle and the number of lokwise
and of ounterlokwise paths of length 2 in the yle that belong to I are dierent. Skewed-
gentle algebras are known to be of derived tame representation type (for a denition of derived
tameness, see [9℄).
It is a long-standing open problem to lassify gentle algebras up to derived equivalene. A
omplete answer has only been obtained for the derived disrete ase [6℄. The main problem is
to nd good invariants of the derived ategories.
In this paper we provide easy-to-ompute invariants of the derived ategories of skewed-gentle
algebras whih are of a purely ombinatorial nature. Our results are obtained from a detailed
omputation of the q-Cartan matries of gentle and skewed-gentle algebras, respetively.
The following notion will be ruial throughout the paper. Let (Q, I) be a (gentle) quiver with
relations. An oriented path p = p0p1 . . . pk−1 with arrows p0, . . . , pk−1 in Q is alled an oriented
k-yle with full zero relations if p has the same start and end point, and if pipi+1 ∈ I for all
i = 0, . . . , k− 2 and also pk−1p0 ∈ I. Suh a yle is alled minimal if the arrows p0, p1, . . . , pk−1
on p are pairwise dierent.
We all two matries C,D with entries in a polynomial ring Z[q] unimodularly equivalent
(over Z[q]) if there exist matries P,Q over Z[q] of determinant 1 suh that D = PCQ.
We an now state our main result on gentle algebras.
Theorem 1. Let (Q, I) be a gentle quiver, and A = KQ/I the orresponding gentle algebra.
Denote by ck the number of minimal oriented k-yles in Q with full zero relations.
Then the q-Cartan matrix CA(q) is unimodularly equivalent (over Z[q]) to a diagonal matrix with
entries (1− (−q)k), with multipliity ck, k ≥ 1, and all further diagonal entries being 1.
This theorem has the following diret onsequenes.
Corollary 1. Let (Q, I) be a gentle quiver, and A = KQ/I the orresponding gentle algebra.
Denote by ck the number of minimal oriented k-yles in Q with full zero relations. Then the
q-Cartan matrix CA(q) has determinant
detCA(q) =
∏
k≥1
(1− (−q)k)ck .
The following onsequene of Corollary 1 was rst proved in [11℄. For a gentle quiver (Q, I) we
denote by oc(Q, I) the number of minimal oriented yles of odd length in Q having full zero
relations, and by ec(Q, I) the number of analogous yles of even length.
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Corollary 2. Let (Q, I) be a gentle quiver, and A = KQ/I the orresponding gentle algebra.
Then for the determinant of the Cartan matrix CA the following holds.
detCA =
{
0 if ec(Q, I) > 0
2oc(Q,I) else
The most important appliation of Theorem 1 is the following orollary whih gives for gentle
algebras easy-to-hek ombinatorial invariants of the derived ategory.
Corollary 3. Let (Q, I) and (Q′, I ′) be gentle quivers, and let A = KQ/I and A′ = KQ′/I ′ be
the orresponding gentle algebras. If A and A′ are derived equivalent, then ec(Q, I) = ec(Q′, I ′)
and oc(Q, I) = oc(Q′, I ′).
As an illustration we give in Setion 3 a omplete derived equivalene lassiation of gentle
algebras with two simple modules and of gentle algebras with three simple modules and Cartan
determinant 0.
Our main result on skewed-gentle algebras determines the normal form of their q-Cartan matries.
Theorem 2. Let Aˆ = KQˆ/Iˆ be a skewed-gentle algebra, arising from hoosing a suitable set of
speial verties in the gentle quiver (Q, I). Denote by ck the number of minimal oriented k-yles
in Q with full zero relations.
Then the q-Cartan matrix C
Aˆ
(q) is unimodularly equivalent to a diagonal matrix with entries
1− (−q)k, with multipliity ck, k ≥ 1, and all further diagonal entries being 1.
As an immediate onsequene we obtain that the Cartan determinant of any skewed-gentle
algebra is the same as the Cartan determinant for the underlying gentle algebra.
Corollary 4. Let Aˆ = KQˆ/Iˆ be a skewed-gentle algebra, arising from hoosing a suitable set of
speial verties in the gentle quiver (Q, I), with orresponding gentle algebra A = KQ/I. Then
detC
Aˆ
(q) = detCA(q), and thus in partiular, the determinants of the ordinary Cartan matries
oinide, i.e., detC
Aˆ
= detCA.
The paper is organized as follows. In Setion 2 we ollet the neessary bakground and deni-
tions about quivers with relations and (q-)Cartan matries. In Setion 3 we prove all the main
results about q-Cartan matries for gentle algebras. Here we also give some extensive examples
to illustrate our results. Setion 4 ontains the analogous main results for skewed-gentle algebras.
Aknowledgement. We thank the referee for very helpful and insightful omments. In par-
tiular, we are grateful for pointing out the importane of graded derived equivalenes in our
ontext of q-Cartan matries.
2 Quivers, q-Cartan matries and derived invariants
Algebras an be dened naturally from a ombinatorial setting by using direted graphs. A nite
direted graph Q is alled a quiver. For any arrow α in Q we denote by s(α) its start vertex
and by t(α) its end vertex. An oriented path p in Q of length r is a sequene p = α1α2 . . . αr of
arrows αi suh that t(αi) = s(αi+1) for all i = 1, . . . , r− 1. (Note that for eah vertex v in Q we
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allow a trivial path ev of length 0, having v as its start and end vertex.) For suh a path p we
then denote by s(p) := s(α1) its start vertex and by t(p) := t(αr) its end vertex.
The path algebra KQ, where K is any eld, has as basis the set of all oriented paths in Q. The
multipliation in the algebra KQ is dened by onatenation of paths, i.e., the produt of two
paths p and q is dened to be the onatenated path pq if t(p) = s(q), and zero otherwise.
More general algebras an be obtained by introduing relations on a path algebra. An ideal
I ⊂ KQ is alled admissible if I ⊆ J2 where J is the ideal of KQ generated by the arrows of Q.
The pair (Q, I) where Q is a quiver and I ⊂ KQ is an admissible ideal is alled a quiver with
relations.
For any quiver with relations (Q, I), we an onsider the fator algebra A = KQ/I, where
K is any eld. We identify paths in the quiver Q with their osets in A. Let Q0 denote the
set of verties of Q. For any i ∈ Q0 there is a path ei of length zero. These are primitive
orthogonal idempotents in A, the sum
∑
i∈Q0
ei is the unit element in A. In partiular we get
A = 1 ·A = ⊕i∈Q0eiA, hene the (right) A-modules Pi := eiA are the indeomposable projetive
A-modules.
The Cartan matrix C = (cij) of an algebra A = KQ/I is the |Q0| × |Q0|-matrix dened by
setting cij := dimK HomA(Pj , Pi).
Reall that when I is generated by monomials, A = KQ/I is alled a monomial algebra. For
monomial algebras, omputing entries of the Cartan matrix redues to ounting paths in the
quiver Q whih are nonzero in A. In fat, any homomorphism ϕ : ejA→ eiA of right A-modules
is uniquely determined by ϕ(ej) ∈ eiAej , the K-vetor spae generated by all paths in Q from
vertex i to vertex j, whih are nonzero in A = KQ/I. In partiular, we have cij = dimK eiAej .
This is the key viewpoint in this paper, enabling us to obtain results on the representation-
theoreti Cartan invariants by ombinatorial methods. It allows to study a rened version of the
Cartan matrix, whih we all the q-Cartan matrix. (It also ourred in the literature as ltered
Cartan matrix, see for instane [8℄.)
Let Q be a quiver and assume that the relation ideal I is generated by homogeneous relations, i.e.,
by linear ombinations of paths having the same length (atually, for the algebras onsidered
in this paper, the ideal I will always be generated by monomials and ommutativity (mesh)
relations). The path algebra KQ is a graded algebra, with grading given by path lengths. Sine
I is homogeneous, the fator algebra A = KQ/I inherits this grading. So the morphism spaes
HomA(Pj , Pi) ∼= eiAej beome graded vetor spaes. Reall that the dimensions of these vetor
spaes are the entries of the (ordinary) Cartan matrix.
Denition. Let A = KQ/I be a nite-dimensional algebra, and assume that the ideal I is
generated by homogeneous relations. For any verties i and j in Q let eiAej = ⊕n(eiAej)n be
the graded omponents.
Let q be an indeterminate. The q-Cartan matrix CA(q) = (cij(q)) of A is dened as the matrix
with entries cij(q) :=
∑
n dimK(eiAej)n q
n ∈ Z[q].
In other words, the entries of the q-Cartan matrix are the Poinaré polynomials of the graded
homomorphism spaes between projetive modules. Loosely speaking, when ounting paths in
the quiver of the algebra, eah path is weighted by some power of q aording to its length.
Clearly, speializing q = 1 gives bak the usual Cartan matrix CA (i.e., we forget the grading).
Even if we are mainly interested in the ordinary Cartan matrix, the point of view of q-Cartan
matries provides some new insights as we take a loser look at the invariants of the Cartan
matrix.
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Example 2.1 We onsider the following two quivers.
α β
γδ
1
2
3Q 1 Q 2
α
1 2
α α
3
Let A = KQ1/I1, where the ideal I1 is generated by αβ, γδ and δα− βγ. The q-Cartan matrix
of A has the form
CA(q) =

 1 + q2 q 0q 1 + q2 q
0 q 1 + q2

.
The seond algebra B = KQ2/I2 is dened by the quiver nQ2, subjet to the generating rela-
tions α4 (i.e. all paths of length four are zero). The q-Cartan matrix of B has the form
CB(q) =

 1 + q3 q q2q2 1 + q3 q
q q2 1 + q3

.
Cartan matries provide invariants whih are preserved under derived equivalenes and thus
improve our understanding of derived module ategories; this is our main motivation to study
normal forms, invariant fators and determinants of Cartan matries in this paper. The following
result is ontained in the proof of [7, Proposition 1.5℄.
Theorem 2.2 Let A be a nite-dimensional algebra. The unimodular equivalene lass of the
Cartan matrix CA is invariant under derived equivalene.
In partiular, the determinant of the Cartan matrix is invariant under derived equivalene.
Remark 2.3 We emphasize that the above theorem only deals with ordinary Cartan matries
CA = CA(1). The determinant of the q-Cartan matrix is in general not invariant under derived
equivalene. As an example, onsider the algebras A and B from Example 2.1, with detCA(q) =
1 + q2 + q4 + q6 and detCB(q) = 1 + q
3 + q6 + q9. But, in fat, the algebras A and B are
derived equivalent; they are Brauer tree algebras for trees with the same number of edges and
the same exeptional multipliity [15℄. Note that when speializing q = 1 we indeed get the same
determinants for the ordinary Cartan matries, as predited by Theorem 2.2
However, the natural setting when dealing with q-Cartan matries is that of graded derived
ategories. Indeed, the determinant of the q-Cartan matrix (whih is dened so as to take the
grading into aount) is invariant under graded derived equivalenes. We are very grateful to
the referee for pointing this out to us. We do not disuss this aspet in this paper further, but
shall address the topi of graded derived equivalenes for gentle algebras in detail in a subsequent
publiation.
For instane, the above algebra B is graded derived equivalent to the algebra A, where the
grading on A is hosen so that α and β are of degree 2, and δ and γ of degree 1. Then Rikard's
derived equivalene [15℄ lifts to a graded derived equivalene.
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3 Gentle algebras
In this setion, we shall prove Theorem 1 on the unimodular equivalene lass of the q-Cartan
matrix of an arbitrary gentle algebra.
We rst reall the denition of speial biserial algebras and of gentle algebras, as these details
will be ruial for what follows.
Let Q be a quiver and I an admissible ideal in the path algebra KQ. We all the pair (Q, I) a
speial biserial quiver (with relations) if it satises the following properties.
(i) Eah vertex of Q is starting point of at most two arrows, and end point of at most two arrows.
(ii) For eah arrow α in Q there is at most one arrow β suh that αβ 6∈ I, and at most one arrow
γ suh that γα 6∈ I.
A nite-dimensional algebra A is alled speial biserial if it has a presentation as A = KQ/I
where (Q, I) is a speial biserial quiver.
Gentle quivers form a sublass of the lass of speial biserial quivers.
A pair (Q, I) as above is alled a gentle quiver if it is speial biserial and moreover the following
holds.
(iii) The ideal I is generated by paths of length 2.
(iv) For eah arrow α in Q there is at most one arrow β′ with t(α) = s(β′) suh that αβ′ ∈ I,
and there is at most one arrow γ′ with t(γ′) = s(α) suh that γ′α ∈ I.
A nite-dimensional algebra A is alled gentle if it has a presentation as A = KQ/I where (Q, I)
is a gentle quiver.
The following lemma will turn out to be very useful. It does not only hold for gentle algebras
but for those where we have dropped the nal ondition (iv) in the denition of gentle quivers.
Reall that two matries C, D with entries in Z[q] are alled unimodularly equivalent (over Z[q])
if there exist matries P , Q over Z[q] of determinant 1 suh that D = PCQ.
Lemma 3.1 Let (Q, I) be a speial biserial quiver, and assume that I is generated by paths of
length 2. Let A = KQ/I be the orresponding speial biserial algebra. Let α be an arrow in Q,
not a loop, suh that there is no arrow β with s(α) = t(β) and βα ∈ I, or there is no arrow γ
with t(α) = s(γ) and αγ ∈ I. Let Q′ be the quiver obtained from Q by removing the arrow α,
let I ′ be the orresponding relation ideal and A′ = KQ′/I ′. Then the q-Cartan matries CA(q)
and CA′(q) are unimodularly equivalent (over Z[q]).
Proof. We onsider the ase where α is an arrow in Q suh that there is no arrow β with
s(α) = t(β) and βα ∈ I; the seond ase is dual.
Let α = p0 : v0 → v1. As (Q, I) is speial biserial, there is a unique maximal non-zero path
starting with p0, say p = p0p1 . . . pt, where pi : vi → vi+1, i = 1, . . . , t. As A is nite-dimensional,
the ondition on α = p0 guarantees that vi 6= v0 for all i > 0, but we may have vi = vj for some
i > j > 0. Now any non-zero path of length j, say, ending at v0 an uniquely be extended to
a non-zero path of length j + i ending at vi, by onatenation with p0 . . . pi−1. Conversely, any
non-zero path ending at vi and involving p0 arises in this way.
Now denote the olumn orresponding to a vertex v in the q-Cartan matrix CA(q) by sv. We
perform olumn transformations on CA(q) by replaing the olumns svi by svi − q
isv0 , for
i = 1, . . . , t + 1 (if vi = vj for some i > j, the olumn svi = svj will then be replaed by
svi − (q
i + qj)sv0). The resulting matrix C˜(q) is then exatly the Cartan matrix CA′(q) to the
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algebra A′ orresponding to the quiver Q′ where α = p0 has been removed. ⋄
For any vertex in a quiver Q, its valeny is dened as the number of arrows attahed to it, i.e.,
the number of inoming arrows plus the number of outgoing arrows (note that in partiular any
loop ontributes twie to the valeny).
Theorem 3.2 Let (Q, I) be a gentle quiver, and let A = KQ/I be the orresponding gentle
algebra. Denote by ck the number of minimal oriented k-yles in Q with full zero relations.
Then the q-Cartan matrix CA(q) is unimodularly equivalent (over Z[q]) to a diagonal matrix with
entries (1− (−q)k), with multipliity ck, k ≥ 1, and all further diagonal entries being 1.
Proof. We want to prove the laim by double indution on the number of verties and the
number of arrows. Clearly the result holds if Q has no arrows or if it onsists of one vertex with
a loop.
If Q has a vertex v of valeny 1 or 3, or of valeny 2 but with no zero relation at v, then we
an use Lemma 3.1 to remove an arrow from Q; note that by the onditions in Lemma 3.1 the
removed arrow is not involved in any oriented yle with full zero relations. Hene CA(q) is
unimodularly equivalent to CA′(q), where the orresponding quiver has one arrow less but the
same number of oriented yles with full zero relations, and hene the result holds by indution.
Hene we may now assume that all verties are of valeny 0, 2 or 4, and if a vertex is of valeny 2,
then there is a zero relation at the vertex. Also, if Q is not onneted, we may use indution on
the number of verties to have the result for the omponents and thus for the whole quiver; hene
we may assume that Q is onneted. In partiular, we now only have verties v of valeny 2 with
a non-loop zero relation at v, and verties of valeny 4. As we do not have paths of arbitrary
lengths, not all verties an be of valeny 4 (see also [11, Lemma 3℄).
Now we take a vertex v = v1 of valeny 2, with inoming arrow p0 : v0 → v1 and outgoing arrow
p1 : v1 → v2 with p0p1 = 0 (here, v0 6= v 6= v2).
As (Q, I) is gentle, there is a unique maximal path p in Q with non-repeating arrows starting
in v0 with p0, suh that the produt of any two onseutive arrows is zero in A; in our present
situation this path is an oriented yle C with full zero relations returning to v0. We denote
the verties on this path by v0, v1 = v, v2, . . . , vs, vs+1 = v0, and the arrows by pi : vi → vi+1,
i = 0, . . . , s (also psp0 = 0); note that the arrows on p are distint, but the verties are not
neessarily distint (but we point out that vi 6= v1 for all i 6= 1).
Denote by zw the row of the q-Cartan matrix CA(q) orresponding to the vertex w. In CA(q),
we now replae the row zv by the linear ombination
Z =
s+1∑
i=1
(−q)i−1zvi
to obtain a new matrix C˜(q) (note that this is a unimodular transformation over Z[q]).
The areful hoie of the oeients is just made so that we an rene the argument in [11℄. We
reall some of the notation there. For any arrow α in Q let P(α) be the set of paths starting
with α whih are non-zero in A. At eah vertex vi there is at most one outgoing arrow ri 6= pi;
for this arrow we have pi−1ri 6= 0, as (Q, I) is gentle.
Hene, anelling pi indues a natural bijetion φ : P(pi)→ {evi+1}∪P(ri+1), for i = 1, . . . , s−1,
suh that a path of q-weight qj is mapped to a path of q-weight qj−1 (if there is no arrow ri, we
set P(ri) = ∅).
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As v is of valeny 2, with a zero-relation at v, we also have the trivial bijetion P(p0) = {p0} →
{ev1}, again with a weight redution by q. Now almost everything anels in Z, apart from the
one term 1− (−q)s+1 that we obtain as the entry in the olumn orresponding to v.
In the next step, we use the dual (ounter-lokwise) operation on the olumns labelled by the
verties on the yle C, i.e., we set vs+2 = v = v1 and replae the olumn sv by the linear
ombination
S =
s+1∑
i=1
(−q)s+1−isvi+1 .
Ordering verties so that v orresponds to the rst row and olumn of the Cartan matrix, we
have thus unimodularly transformed CA(q) to a matrix of the form

1− (−q)s+1 0 · · · 0
0
.
.
. C ′(q)
0


where C ′(q) is the q-Cartan matrix of the gentle algebra A′ for the quiver Q′ obtained from Q
by removing v and the arrows inident with v. Note that in omparison with Q, the quiver Q′
has one vertex less and one yle with full zero relations of length s + 1 less; now by indution,
the result holds for C ′(q) = CA′(q), and hene the result for CA(q) follows immediately. ⋄
This result has several immediate nie onsequenes.
Corollary 3.3 Let (Q, I) be a gentle quiver, and let A = KQ/I be the orresponding gentle
algebra. Denote by ck the number of minimal oriented k-yles in Q with full zero relations.
Then the q-Cartan matrix CA(q) has determinant
detCA(q) =
∏
k≥1
(1− (−q)k)ck .
Remark 3.4 Let (Q, I) be a gentle quiver, with set of verties Q0. Then, as a diret onsequene
of Theorem 3.2, there are at most |Q0| minimal oriented yles with full zero relations in the
quiver (this ould also be proved diretly by indution).
Note that the property of being gentle is invariant under derived equivalene [16℄, and we now
have some invariants to distinguish the derived equivalene lasses. For a gentle quiver (Q, I),
reall that ec(Q, I) and oc(Q, I) denote the number of minimal oriented yles in Q with full zero
relations of even and odd length, respetively. As an immediate onsequene of Corollary 3.3 we
obtain the following formula for the Cartan determinant whih was the main result in [11℄:
Corollary 3.5 Let (Q, I) be a gentle quiver, and let A = KQ/I be the orresponding gentle
algebra. Then for the determinant of the Cartan matrix CA the following holds.
detCA =
{
0 if ec(Q, I) > 0
2oc(Q,I) else
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Note that in ombination with Remark 3.4 this implies that the Cartan determinant of a gentle
algebra A = KQ/I is at most 2l(A), where l(A) = |Q0| is the number of simple modules of A.
The most important appliation of Theorem 3.2 is the following orollary whih gives for gentle
algebras new, ombinatorial and easy-to-hek invariants of the derived ategory.
Corollary 3.6 Let (Q, I) and (Q′, I ′) be gentle quivers, and let A = KQ/I and A′ = KQ′/I ′ be
the orresponding gentle algebras. If A and A′ are derived equivalent, then ec(Q, I) = ec(Q′, I ′)
and oc(Q, I) = oc(Q′, I ′).
Proof. Sine A and A′ are derived equivalent, their (ordinary) Cartan matries CA and CA′
are unimodularly equivalent over Z. By speializing to q = 1 in Theorem 3.2, representatives for
the equivalene lasses are given by diagonal matries with entries
′2′ for eah minimal oriented
yle with full zero relations of odd length, an entry
′0′ for eah suh yle of even length,
and remaining entries
′1′. These are preisely the elementary divisors over Z. The elementary
divisors of an integer matrix are uniquely determined, and the diagonal matries in Theorem 3.2
are atually the Smith normal forms of CA and CA′ over Z. But by Theorem 2.2 the unimodular
equivalene lass, and hene the Smith normal form, is invariant under derived equivalene.
Hene, the diagonal entries in the above normal forms for CA and CA′ must our with ex-
atly the same multipliities. Thus we get the same number of minimal oriented yles with
full zero relations of even length and of odd length, respetively, i.e., ec(Q, I) = ec(Q′, I ′) and
oc(Q, I) = oc(Q′, I ′). ⋄
We now illustrate our results and apply them to derived equivalene lassiations of gentle
algebras.
Example 3.7 Gentle algebras with two simple modules. There are nine onneted gentle
quivers (Q, I) with two verties, as given in the following list. The dotted lines indiate the zero
relations generating the admissible ideal I.
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A A21
A3
A5
A7
A9
A4
A6
A
In [4℄ it was shown that these are preisely the basi onneted algebras with two simple modules
whih are derived tame. As a diret illustration of our results we show how to lassify these
algebras up to derived equivalene.
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Reall that the property of being gentle is invariant under derived equivalene [16℄. Moreover,
the number of simple modules of an algebra is a derived invariant [13℄. Thus we will be able to
desribe the omplete derived equivalene lasses.
We have shown above that the numbers oc(Q, I) and ec(Q, I) are derived invariants. In addition
we look at two lassial invariants, the enter and the rst Hohshild ohomology group HH1.
Reall that the enter of an algebra (and more generally the Hohshild ohomology ring) is
invariant under derived equivalene [14℄. If the quiver ontains a loop, then the dimension of HH1
depends on the harateristi being 2 or not. We indiate the dimension in harateristi 2
in parantheses in the table below. They an be omputed using a method based on work of
M. Bardzell [3℄ on minimal projetive bimodule resolutions for monomial algebras; a very nie
expliit ombinatorial desription is given by C. Strametz [17, Proposition 2.6℄.
Algebra A1 A2 A3 A4 A5 A6 A7 A8 A9
oc(Q, I) 0 0 0 0 1 1 0 1 2
ec(Q, I) 0 0 0 0 0 0 1 1 0
dimZ(A) 1 1 1 2 1 1 1 2 1
dimHH1(A) 0 3 2 1 1(2) 1(2) 1 2(3) 3(5)
The algebras A1, A2, A3, A4 are pairwise not derived equivalent. This an be dedued diretly
from the above table, sine the dimensions of the rst Hohshild ohomology groups are dierent.
The algebras A5 and A6 are derived equivalent. (This an be shown by expliitly onstruting a
suitable tilting omplex, similar to the detailed example given in the Appendix.)
The algebras A7 and A8 with Cartan determinant 0 are not derived equivalent, sine their enters
have dierent dimensions.
In summary, there are exatly eight derived equivalene lasses of onneted gentle algebras with
two simple modules. They are indiated by the double vertial lines in the above table.
Example 3.8 Gentle algebras with three simple modules. Let (Q, I) be a onneted
gentle quiver with three verties, with orresponding gentle algebra A = KQ/I. By Corollary 3.4
we dedue that detCA ∈ {0, 1, 2, 4, 8}. Algebras with dierent Cartan determinant an not be
derived equivalent, by Theorem 2.2.
As an illustration, we shall give a omplete derived equivalene lassiation of those algebras
with Cartan determinant 0. By Corollary 3.5, a gentle algebra has Cartan determinant 0 if and
only if the quiver ontains an even oriented yle with full zero relations. There are 18 onneted
gentle quivers with three verties having Cartan determinant 0, as listed in the following gure.
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18
Λ
Λ
Λ
Λ
Λ
Λ
Λ
Λ
Λ
Λ
Λ
Λ
Λ1 2
3 4
6
7 8
9 10
11 12
13
5
Λ
Λ Λ
14
15 16
Λ Λ17
The main tool will be Corollary 3.6 whih states that the numbers ec(Q, I) and oc(Q, I) of
minimal oriented yles with full zero relations of even (resp. odd) length are invariants of the
derived ategory. This will already settle large parts of the lassiation. In addition we will need
to look at the enters and at the rst Hohshild ohomology group. The following table ollets
all the neessary invariants. Again, in the ases where the quiver has loops, the dimension of HH1
depends on the harateristi being 2 or not, and in these ases the dimension in harateristi 2
is given in parantheses.
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Algebra oc(Q, I) ec(Q, I) dimZ(Λ) dimHH1(Λ)
Λ1 0 1 1 1
Λ2 0 1 1 1
Λ3 0 1 1 4
Λ4 0 1 1 4
Λ5 0 1 2 2
Λ6 0 1 2 2
Λ7 0 2 1 2
Λ8 0 1 3 2
Λ9 1 1 1 2(3)
Λ10 1 1 1 2(3)
Λ11 1 1 1 2(3)
Λ12 1 1 1 2(3)
Λ13 1 2 2 3(4)
Λ14 2 1 1 4(6)
Λ15 2 1 1 4(6)
Λ16 0 1 1 4
Λ17 0 1 1 3
Λ18 0 1 1 3
For the derived equivalene lassiation, it only remains to onsider those algebras having the
same invariants. In the ases where the algebras are in fat derived equivalent, we leave out the
details of the onstrution of a suitable tilting omplex; in the appendix a detailed example is
provided whih serves to indiate the strategy whih also works in all other ases.
The algebras Λ1 and Λ2 are derived equivalent. Moreover, the algebras Λ3 and Λ4 are derived
equivalent.
Note that Λ1 and Λ3 represent dierent derived equivalene lasses sine their rst Hohshild
ohomology groups have dierent dimensions.
The algebras Λ5 and Λ6 are derived equivalent. (The details for this ase are provided in the
appendix.)
Similarly, the algebras Λ9, Λ10, Λ11 and Λ12 are derived equivalent, the algebras Λ14 and Λ15 are
derived equivalent and moreover, the algebras Λ17 and nΛ18 are derived equivalent.
The ase of Λ16 is more subtle. This algebra has exatly the same invariants as the algebras
Λ3 and Λ4. However, we laim that Λ16 is not derived equivalent to Λ4. In fat, the Lie
algebra strutures on HH1 are not isomorphi. Note that with the Gerstenhaber braket, the
rst Hohshild ohomology beomes a Lie algebra. By a result of B. Keller [12℄, this Lie
algebra struture on HH1 is invariant under derived equivalene. As mentioned before, by work
of M. Bardzell [3℄ there is an expliit way of omputing HH1 for a gentle algebra, and a nie
ombinatorial version due to C. Strametz [17, Proposition 2.6℄ (for the additive struture) and [17,
Theorem 2.7℄ (for the Lie algebra struture). With this method one an ompute that the four-
dimensional Lie algebras on HH1(Λ16) and on HH
1(Λ4) are not isomorphi. In fat, the Lie
algebra enter of HH1(Λ16) is two-dimensional, whereas the Lie algebra enter of HH
1(Λ4) has
dimension 1.
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This ompletes the derived equivalene lassiation of onneted gentle algebras with three
simple modules and Cartan determinant 0. The ten derived equivalene lasses are indiated in
the above table by the horizontal double lines.
4 Skewed-gentle algebras
Skewed-gentle algebras were introdued in [10℄; for the notation and denition we follow here
mostly [5℄, but we try to explain how the onstrution works rather than repeating the tehnial
denition from [5℄.
We start with a gentle pair (Q, I). A set Sp of verties of the quiver Q is an admissible set of
speial verties if the quiver with relations obtained from Q by adding loops with square zero at
these verties is again gentle; we denote this gentle pair by (Qsp, Isp). The triple (Q,Sp, I) is
then alled skewed-gentle.
We want to point out that the admissibility of the set Sp of speial verties is both a loal as
well as a global ondition. Let v be a vertex in the gentle quiver (Q, I); then we an only add a
loop at v if v is of valeny 1 or 0 or if it is of valeny 2 with a zero relation, but not one oming
from a loop. Hene only verties of this type are potential speial verties. But for the hoie of
an admissible set of speial verties we also have to take are of the global ondition that after
adding all loops, the pair (Qsp, Isp) still does not have paths of arbitrary lengths.
Given a skewed-gentle triple (Q,Sp, I), we now onstrut a new quiver with relations (Qˆ, Iˆ) by
doubling the speial verties, introduing arrows to and from these verties orresponding to the
previous suh arrows and replaing a previous zero relation at the verties by a mesh relation.
More preisely, we proeed as follows. The non-speial (or: ordinary) verties in Q are also
verties in the new quiver; any arrow between non-speial verties as well as orresponding
relations are also kept. Any speial vertex v ∈ Sp is replaed by two verties v+ and v− in the
new quiver. An arrow a in Q from a non-speial vertex w to v (or from v to w) will be doubled
to arrows a± : w → v± (or a± : v± → w, resp.) in the new quiver; an arrow between two speial
verties v,w will orrespondingly give four arrows between the pairs v± and w±. We say that
these new arrows lie over the arrow a. Any relation ab = 0 where t(a) = s(b) is non-speial
gives a orresponding zero relation for paths of length 2 with the same start and end points lying
over ab. If v is a speial vertex of valeny 2 in Q, then the orresponding zero relation at v,
say ab = 0 with t(a) = v = s(b), is replaed by mesh ommutation relations saying that any
two paths of length 2 lying over ab, having the same start and end points but running over v+
and v−, respetively, oinide in the fator algebra to the new quiver with relations (Qˆ, Iˆ).
We will speak of (Qˆ, Iˆ) as a skewed-gentle quiver overing the gentle pair (Q, I).
A K-algebra is then alled skewed-gentle if it is Morita equivalent to a fator algebra KQˆ/Iˆ,
where (Qˆ, Iˆ) omes from a skewed-gentle triple (Q,Sp, I) as above.
Remark. Let A = KQ/I be gentle. In a gentle quiver, there is at most one non-zero yli
path starting and ending at a given vertex; hene the diagonal entries in the q-Cartan matrix
CA(q) are 1 or of the form 1 + q
j
, for some j ∈ N.
If a vertex v in Q an be hosen as a speial vertex for a overing skewed-gentle quiver Qˆ, then
the orresponding diagonal entry in CA(q) is 1, as otherwise we have paths of arbitrary lengths
in Qsp; hene in the orresponding q-Cartan matrix for the skewed-gentle algebra Aˆ we have(
1 0
0 1
)
on the diagonal for the two split verties v± in Qˆ.
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Theorem 4.1 Let (Q, I) be a gentle quiver, and (Qˆ, Iˆ) a overing skewed-gentle quiver. Let
Aˆ = KQˆ/Iˆ be the orresponding skewed-gentle algebra. Denote by ck the number of oriented
k-yles in (Q, I) with full zero relations.
Then the q-Cartan matrix C
Aˆ
(q) is unimodularly equivalent (over Z[q]) to a diagonal matrix with
entries 1− (−q)k, with multipliity ck, k ≥ 1, and all further diagonal entries being 1.
Proof. Again, we argue by indution on the number of verties and arrows. We let A = KQ/I
be the gentle algebra and CA(q) the q-Cartan matrix as before.
If Q has no arrows, then Qˆ is just obtained by doubling the speial verties, and this still has no
arrows, so the result learly holds.
If Q has an arrow α as in Lemma 3.1, with a non-speial s(α) in the rst ase, and a non-
speial t(α) in the seond ase, respetively, then we an argue as in the proof of Lemma 3.1 to
remove α. Let us onsider again the situation of the rst ase, so here s(α) = v0 is non-speial.
Note that a maximal non-zero path p starting from v0 with α or α
±
(if v1 is speial) will end on
a non-speial vertex (and hene this maximal path is unique in Aˆ); in general, this path will be
longer than the one taken in A.
In the olumn transformations, we only have to be areful at doubled verties on the path p; here
we replae both orresponding olumns sˆv±i
of C
Aˆ
(q) by sˆv±i
− qisˆv0 . This leads to the Cartan
matrix for the skewed-gentle algebra where α or α±, respetively, has been removed from Qˆ,
whih is a skewed-gentle over for the quiver obtained from Q by deleting α; then the laim
follows by indution.
Now assume Q has a soure v whih is speial (w.l.o.g. the rst vertex); the ase of a sink is
dual. Then the q-Cartan matrix for Aˆ has the form
C
Aˆ
(q) =


1 0 ∗ · · · ∗
0 1 ∗ · · · ∗
0 0
.
.
.
.
.
. Cˆ ′(q)
0 0

 ∼
˜ˆ
C(q) =


1 0 0 · · · 0
0 1 0 · · · 0
0 0
.
.
.
.
.
. Cˆ ′(q)
0 0


where Cˆ ′(q) is the q-Cartan matrix of the skewed-gentle algebra Aˆ′ for the quiver Qˆ′ obtained
from Qˆ by removing v+, v− and the arrows inident with v±. Note that Qˆ′ is the skewed-gentle
over for the quiver Q′ whih is obtained from Q by removing v and the arrow inident with v,
and the hoie Sp′ = Sp \ {v} as the set of speial verties; in short, we write this as Qˆ′ = Q̂′.
Again, using indution the laim follows immediately.
Thus again, we may now assume that Q has only verties of valeny 2 with a (non-loop) zero
relation or verties of valeny 4; note that any speial vertex in Q has to be of valeny 2. As
before, we may also assume that Q (and hene also Qˆ) are onneted.
If there are no non-speial verties, or if all non-speial verties are of valeny 4, then Qsp is not
gentle. Hene Q has a non-speial vertex v of valeny 2 with a zero relation at v. Let p0 : v0 → v
be the (unique) inoming arrow.
Again we onsider the unique maximal path p in Q with non-repeating arrows starting in v0
with p0, suh that the produt of any two onseutive arrows is zero in A; as before, we note that
in our urrent situation p has to be a yle C = p0p1 . . . ps, where pi : vi → vi+1, i = 0, . . . , s,
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and vs+1 = v0. As in the previous situation, we note that the arrows are distint, but verties
vi 6= v0 may be repeated.
For a vertex w in Q we denote by zw the row of the q-Cartan matrix CA(q) orresponding to w.
If w is non-speial, we denote by zˆw the orresponding row in the q-Cartan matrix Cˆ(q) = CAˆ(q).
If w is speial, then for the two verties w± we have two orresponding rows zˆw± in the Cartan
matrix Cˆ(q), and we then set zˆw = zˆw+ + zˆw− .
Before, we have transformed C by replaing zv by Z =
∑s+1
i=1 (−q)
i−1zvi and obtained a ma-
trix C˜(q). We now do a parallel transformation on Cˆ(q), that is, we replae zˆv by
Zˆ =
s+1∑
i=1
(−q)i−1zˆvi ,
and we obtain a matrix
˜ˆ
C(q). We have to ompare the dierenes and hek that everything
stays under ontrol for the indution argument.
If a vertex vi, 1 ≤ i ≤ s, is speial, note that the doubled ontribution in zˆvi = zˆv+i
+ zˆ
v−i
is
needed on the one hand for the anellation with the previous row, and on the other hand to
ontinue around the yle C. As v is non-speial and of valeny 2 with a zero-relation, we note
that as before, in Zˆ we only have the ontribution 1− (−q)s+1 at v.
Following this by the parallel operation to the previous olumn operation we then replae the
olumn sˆv by the linear ombination
Sˆ =
s+1∑
i=1
(−q)s+1−isˆvi+1 ,
where we use analogous onventions as before.
With v orresponding to the rst row and olumn of the Cartan matrix, we have thus unimod-
ularly transformed Cˆ(q) to a matrix of the form

1− (−q)s+1 0 · · · 0
0
.
.
. Cˆ ′(q)
0


where Cˆ ′(q) is the Cartan matrix of the skewed-gentle algebra Aˆ′ for the quiver Qˆ′ obtained
from Qˆ by removing v and the arrows inident with v. Note that in fat, Qˆ′ = Q̂′ in the notation
of our previous proof, i.e., as explained earlier, Qˆ′ is the skewed-gentle over for the quiver Q′
and the hoie Sp′ = Sp \ {v} as the set of speial verties.
Thus the result follows by indution. ⋄
Remark 4.2 By omparing Theorem 3.2 and Theorem 4.1 we observe that the q-Cartan ma-
trix CA(q) for the gentle algebra A to (Q, I), and the q-Cartan matrix CAˆ(q) for a skewed-gentle
over Aˆ are unimodularly equivalent to diagonal matries whih only dier by adding as many
further 1's on the diagonal as there are speial verties hosen in Q. In partiular, with notation
as above,
detC
Aˆ
(q) = detCA(q) =
∏
k≥1
(1− (−q)k)ck .
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This observation has the following immediate onsequene when speializing to q = 1.
Corollary 4.3 Let (Q, I) be a gentle quiver, and (Qˆ, Iˆ) a overing skewed-gentle quiver. Then
the determinant of the ordinary Cartan matrix of the skewed-gentle algebra Aˆ = KQˆ/Iˆ is the
same as the one for the gentle algebra A = KQ/I, i.e., detC
Aˆ
= detCA.
Remark 4.4 A gentle algebra and a (proper) skewed-gentle algebra may have the same q-
invariants but they annot be derived equivalent by [16℄, Corollary 1.2.
5 Appendix: Tilting omplexes and derived equivalenes, a de-
tailed example
This appendix is aimed at providing enough bakground on tilting omplexes and expliit om-
putations of their endomorphism rings so that the interested reader an ll in the details in the
derived equivalene lassiations of Examples 3.7 and 3.8. We explained there in detail how to
distinguish derived equivalene lasses (sine this is the main topi of this paper), but have been
fairly short on indiating why ertain algebras in the lists are atually derived equivalent. In this
setion we will go through one example in detail; this will indiate the main strategy whih also
works in all other ases.
For an algebra A denote by Db(A) the bounded derived ategory and by Kb(PA) the homotopy
ategory of bounded omplexes of nitely generated projetive A-modules.
Two algebras A and B are alled derived equivalent if Db(A) and Db(B) are equivalent as
triangulated ategories. By J. Rikard's theorem [13℄, this happens if and only there exists a
tilting omplex T for A suh that the endomorphism ring EndKb(PA)(T ) in the homotopy ategory
is isomorphi to B. A bounded omplex T of projetive A-modules is alled a tilting omplex if
the following onditions are satised.
(i) HomKb(A)(T, T [i]) = 0 for i 6= 0 (where [.] denotes the shift operator)
(ii) add(T ), the full subategory of Kb(PA) onsisting of diret summands of diret sums of
opies of T , generates Kb(PA) as a triangulated ategory.
In Example 3.8 we stated that the algebras Λ5 and Λ6 are derived equivalent. For the onveniene
of the reader we reall the denition of these algebras.
Λ5
α β
γδ
1
2
3 Λ 6
1 2
3
γ β
δ
α
Reall from Setion 2 our onventions to deal with right modules and to read paths from left
to right. In partiular, left multipliation by a nonzero path from vertex j to vertex i gives a
homomorphism Pi → Pj .
We dene the following bounded omplex T := T1 ⊕ T2 ⊕ T3 of projetive Λ5-modules. Let
T1 : 0→ P3 → 0 and T3 : 0→ P1 → 0 be stalk omplexes onentrated in degree 0. Moreover,
let T2 : 0 → P1 ⊕ P3
(δ,β)
−→ P2 → 0 (in degrees 0 and −1). We laim that T is a tilting omplex.
Property (i) above is obvious for all |i| ≥ 2 sine we are dealing with two-term omplexes.
16
Let i = −1, and onsider possible maps T2 → Tj [−1] where j ∈ {1, 2, 3}. This is given by a map
of omplexes as follows
0 −→ P1 ⊕ P3
(δ,β)
−→ P2 −→ 0
↓
0 −→ Q −→ . . .
where Q ould be either of P1, P3, or P1 ⊕ P3. But sine we are dealing with gentle algebras,
no nonzero map an be zero when omposed with both δ and β. So the only homomorphism
of omplexes T2 → Tj[−1] is the zero map, as desired. Diretly from the denition we see that
Hom(T1, Tj [−1]) = 0 and Hom(T3, Tj [−1]) = 0 (sine they are stalk omplexes).
Thus we have shown that Hom(T, T [−1]) = 0.
Now let i = 1. We have to onsider maps Tj → T2[1]; these are given as follows
0 −→ Q −→ . . .
↓
0 −→ P1 ⊕ P3
(δ,β)
−→ P2 −→ 0
where Q again an be either of P1, P3, or P1 ⊕P3. Now there ertainly exist nonzero homomor-
phisms of omplexes. But they are all homotopi to zero. In fat, every path in the quiver of Λ5
from vertex 2 to vertex 1 or 3 either starts with δ or with β. Aordingly, every homomorphism
Q→ P2 an be fatored through the map (δ, β) : P1 ⊕ P3 → P2.
It follows that HomKb(PA)(T, T [1]) = 0 (in the homotopy ategory).
It remains to show that the omplex T also satises property (ii) of the denition of a tilting
omplex. It sues to show that the projetive indeomposable modules P1, P2 and P3, viewed
as stalk omplexes, an be generated by add(T ). This is lear for P1 and P3 sine they our as
summands of T . For P2, onsider the map of omplexes Ψ : T2 → T3 ⊕ T1 given by the identity
map on P1 ⊕ P3 in degree 0. Then the stalk omplex P2[0] with P2 in degree 0 an be shown to
be homotopy equivalent (i.e. isomorphi in Kb(PA)) to the mapping one of Ψ. Thus we have a
distinguished triangle
T2︸︷︷︸
∈add(T )
→ T3 ⊕ T1︸ ︷︷ ︸
∈add(T )
→ P2[0] → T2[1]︸ ︷︷ ︸
∈add(T )
.
By denition, add(T ) is triangulated, so it follows that also the stalk omplex P2[0] ∈ add(T ),
whih proves (ii).
Hene, T is indeed a tilting omplex for Λ5.
By Rikard's theorem, the endomorphism ring of T in the homotopy ategory is derived equivalent
to Λ5. We need to show that E := EndKb(PA)(T ) is isomorphi to Λ6. Note that the verties of
the quiver of E orrespond to the summands of T .
For expliit alulations, the following formula is useful, whih gives a general method for om-
puting the Cartan matrix of an endomorphism ring of a tilting omplex from the Cartan matrix
of A.
Alternating sum formula. For a nite-dimensional algebra A, let Q = (Qr)r∈Z and R = (R
s)s∈Z
be bounded omplexes of projetive A-modules. Then∑
i
(−1)i dimHomKb(PA)(Q,R[i]) =
∑
r,s
(−1)r−s dimHomA(Q
r, Rs).
17
In partiular, if Q and R are diret summands of a tilting omplex then
dimHomKb(PA)(Q,R) =
∑
r,s
(−1)r−s dimHomA(Q
r, Rs).
Note that the Cartan matrix of Λ5 has the form

 2 2 12 2 1
1 1 1


. From that, using the alternating
sum formula, we an ompute the Cartan matrix of E to be

 1 1 11 1 1
1 1 2


. Note that this is
atually the Cartan matrix of Λ6.
Now we have to dene maps of omplexes between the summands of T , orresponding to the
arrows of the quiver of Λ6. The nal step then is to show that these maps satisfy the dening
relations of Λ6, up to homotopy.
We dene α˜ : T1 → T2 by the map (αβ, 0) : P3 → P1 ⊕ P3 in degree 0. Note that this is
indeed a homomorphism of omplexes sine δα = 0 in Λ5. Moreover, we dene β˜ : T2 → T3
and δ˜ : T2 → T1 by the projetion onto the rst and seond summand in degree 0, respetively.
Finally, we dene γ˜ : T3 → T1 by γδ : P1 → P3.
We now have to hek the relations, up to homotopy. We write ompositions from left to right
(as in the relations of the quiver of E). Clearly, α˜δ˜ = 0. The omposition β˜γ˜ : T2 → T1 is given
in degree 0 by (γδ, 0) : P1 ⊕ P3 → P3. So it is not the zero map, but is homotopi to zero via
the homotopy map γ : P2 → P3 (use that γβ = 0 in Λ5). Finally, onsider δ˜α˜ on T2. It is given
by
(
0 αβ
0 0
)
in degree 0 and the zero map in degree −1. It is indeed homotopi to zero via the
homotopy map (α, 0) : P2 → P1 ⊕ P3. (Note that here we use that αδ = 0 and δα = 0 in Λ5.)
Thus, we have dened maps between the summands of T , orresponding to the arrows of the
quiver of Λ6. We have shown that they satisfy the dening relations of Λ6, and that the Cartan
matries of E and Λ6 oinide. From this we an onlude that E ∼= Λ6. Hene, Λ5 and Λ6 are
derived equivalent, as desired.
All the other derived equivalenes stated in Examples 3.7 and 3.8 an be veried exatly along
these lines. In partiular, they an also be realized by tilting omplexes with non-zero entries in
only two degrees.
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